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ABSTRACT 

The b ipolar  angle average of a two-center, two-part ic le  

func t ion  

A bipolar  angle  average weight func t ion  L is derived from 

geometrical  cons idera t ions  such t h a t  ( f  > =/, (min) f Lo dr12  . 
The Lo 
simple, func t iona l  form i n  each of 42 reg ions  of r 

However, the  

four reg ions  of ral-rb2 space. The expressions which we der ive  

f o r  t h e  b ipolar  angle  average a r e  suypr i s ingly  simple and general ,  

r e q u i r i n g  only the eva lua t ion  of i n t e g r a l s  of t he  form 

and / f  r122dr12. The bipolar  angle  averages a r e  very u s e f u l  

i n  the eva lua t ion  of two-center, two-part ic le  i n t e g r a l s .  Many of our 

f ( r a l J  rb2, rI2; R) i s  (f) = (477 f d W a l  d W b 2  . 

0 
r 1 2  b a x )  

1 2  
i s  independent of f and h&s a d i f f e r e n t ,  a l though 

al-rb2-r 1 2  

( f  > have d i f f e r e n t  func t iona l  forms i n  only 

space. 

/f r12dr12  

r e l a t i o n s  a r e  g r e a t l y  s implif ied by the  use of homogeneous 

coord ina tes .  

- - - - -  
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I. Introduct ion 

I n  quantum and s t a t i s t i c a l  mechanics, one frequent ly  has 

need t o  evaluate  e i t h e r  the  bipolar angle average or the 

i n t e g r a l  over a l l  ( two-part ic le)  space of a two-particle,  two- 

; R ). Here, a s  shown i n  f ( r a l  ’ rb2 ’ ‘12 center  function 

Fig. 1, R i s  the separat ion between the two centers  a and b ; 

r i s  the  separat ion between the two p a r t i c l e s  1 and 2 ; 12 

and r and r a r e  the separations between the indicated a 1  b2 

center  and p a r t i c l e .  I n  a subsequent paper, more general  functions 

w i l l  be considered which, i n  addition, e x p l i c i t l y  involve the  

eal 9 
9 ‘b2 J and Qb2 * 

The bipolar  angle averaRe of f i s  defined a s  

< f >  = 

b2 and i3 * a1 Here the in tegra t ions  a r e  over a l l  the  so l id  angles  

(d w al = s i n  8 

while r 

and d w  = s i n  Qb2 deb2 dgb2 ) a1 deal d’al b2 

and R a r e  held fixed. a1 ’ rb2 ’ 
1 

Dahler, Hirschfelder,  and Thacher defined a bipolar  annle 

average weight funct ion 

< f >  = 

Lo(ral/R , rb2/R , rI2/R ; R 1 such t h a t  

1 
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The weight funct ion L is  independent of t he  funct ion f and 

can be determined from simple geometrical considerat ions.  The 

de r iva t ion  of L i s  given i n  Appendix A . For a l l  values  of 

/R the  funct ional  form of L i s  very 

simple. However, L has a d i f f e r e n t  func t iona l  form i n  each 

of t h e  12 sepa ra t e  primary regions (determined by the  r a t i o s :  

r /R and r /R) shown i n  Fig. 2, and i n  each of t h e  t h r e e  

or four secondary regions (determined by the  r a t i o  r /R> 

0 

0 

r a1  /R , rb2/R, and r12 0 

0 

a1  b2 

12 

wi th in  each primary region. The c r i t i c a l  d i s t ances  and 

configurat ions wi th in  the  primary regions which determine the  

secondary regions a r e  shown i n  Fig: 3. 

Table 1 gives  the  funct ional  forms of Lo corresponding 

t o  t h e  21 secondary regions which comprise the  ha l f  of two- 

I n  order 'a1 6 rb2 p a r t i c l e  configurat ion space for which 

t o  obtain the  func t iona l  forms of L i n  the  regions f o r  which 

rb2 r a l  ' 
r 

Lo only for t h e  "non-overlapping" primary reg ion  I and t h e  

0 

i t  i s  only necessary t o  interchange the  r o l e s  of 

and rb2 . Dahler, Hirschfelder,  and Thacher' determined a1 

a 

s l i g h t l y  overlapping" primary region IVa , s ince  only these 11 

regions w e r e  involved i n  t h e i r  free-volume theory of l iqu ids .  

Considerable s impl i f i ca t ion  of our expressions for the 

angle averages i s  achieved by using the homogeneous coordinates:  
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Table 1 

Funct ional  form of L i n  each of tk s i x  primary reg ions  

(as shown i n  Fig. 2) fo r  which 

Ia : r 

0 

ral & rb2 : 

+ r < R ,  Non-over lapping b2 a1 

S l i g h t l y  over lapping b2 I V a  : rb2 ,< R < r a l  + r 

I V b  : r < R R ,< rb2 ,< R + ral Great ly  overlapping 

I V c  : r >/ R R 6 rb2 6 R + ral , Great ly  overlapping 

IIa : r a 1  ' < J < rb2 Enclosing 

IIb : ral >, R , R + ral ,< rb2 , Enclosing 

a1 . 
a1 

The func t iona l  form of Lo 

obtained by interchanging the ro l e  of r and rb2 . 
i n  each of t he  other  s i x  regions i s  

a1 

Primary 
Region 

Secondary 
Region 

+ u  1 2  5 u2 r12  3 

(2) u2 ,< r12 5 u1 u2 + u3 

I a (1) -u3 ,< r 

-r + u 12  0 (3) u1 ,< r12 ,< uo 

''a 
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Primary 
Region 

IVb 

I V C  

'Ib 

Table 1 (cont'd) 

Secondary 
Region 

2r 12 

5 2  + u2 

u2 + u3 

- 5 2  + uo 

2r 12 

r12 + u2 

u1 + u2 

-=12 + uo 

'12 + u2 

u2 + u3 
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+ R  
I: + rb2 0 a1 

u1 - a 1  

u =  

-r + rb2 + R  - 

f R  - 'b2 

'b2 

r - 
u2 - a1 

u3 - a1 - R  - 

a s  given i n  Table 1, 
LO J 

Using the  func t iona l  forms for 

i t  follows t h a t  i n  each of t he  1 2  primary regions,  ( f  > 
sum of three or four i n t e g r a l s  (each corresponding t o  a 

secondary region) .  Q u i t e  surpr i s ing ly  we found, by rear ranging  

these  i n t e g r a l s ,  t h a t  

t he  primary regions Ia and Ib ; i n  11 and IIb ; i n  111, 

i s  the  

(f > has the  same func t iona l  form i n  

a 

and IIIb ; and again i n  I V a  , I V b  , I V c  , I V d  , and I V e  . 
Thus ( f )  has only four func t iona l  forms corresponding t o  

t h e  four master regions,  as shown i n  Fig.  4 : 

+ R  'b2 3 ra l  I1 : 

L e t t i n g  a subscr ip t  i nd ica t e  the  Easter  region, w e  obtain 
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I .  

<f> I = W(u1) + W(U2) - W(-u,) 

qf) I1 = W(U1) - W(-u,) + W(U,) 

f>III = -W(-u,) + W(U2) + W(U,) 

(5 1 

= W(U,) + W(U2) + W(U,) - 2W(O) <f> IV 

Here t h e  W ( x )  are the  r12 i n t e g r a l s  which have only 

t h e  one func t iona l  form: 

U 
0 

1 r 

Table 2 shows the s igns of the  u ' s  i n  each of the  master 

regions.  The use  of the homogeneous coordinates  greatly s impl i f i e s  

our equations for  t he  bipolar  angle averages. 
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Table 2 

Signs of the  Homogeneous Coordinates i n  Each of t h e  
Master Regions 

Master Region 

I I1 I11 

U + + + 
0 

+ + u1 
- 

- + + u2 

+ + 
u3 

I V  

+ 

+ 

+ 

+ 

11. Bipolar Annle Averape of Special  Functions. 

kt us consider the bipolar  angle average of the  following 

-1 
e x p ( - Y  r12) and 

n 
1 2  func t iona l  forms: f = r12 , f = r 

f = 6 (rl - L~). From Eqs. (5) and (6) we obta in :  

A. Bipolar Annle AveraEe, (‘12n) 

1. I f  n i s  any r e a l  number ( in teger  or  non-integer)  except 

-2 or -3, 

n t T  - u2 +(-u3) J n+3 n+3 < r 1 2  )I = (4(n+3)(n+2)R ral rb2)-’P 0 n+3 - u1 
n 

n+3 +(-u2) - u;+3] n+3 n+3 
- u1 <r12n) = (4(n+3)(n+2)R ral rb2)-l bo 

I1 
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n+3 n+3 
(rl:> 111 = (4(n+3)(n+2)R ral rb2)-l[u 0 n+3 +(-ul) - u2 - u3 

I n  master region I V ,  i f  n < -3, then (r ") = + ab-. 
l2 IV 

However, i f  n > -3 , 

- u3 n+3 n+3 n+3 
= (4(n+3)(n+2)R ral rb2)-l [u 0 - u1 - u2 

2. n = -1. 

r e l a t i o n s  given above, it i s  s u f f i c i e n t l y  important t o  warrant 

exp l i c  it cons i d  er a t ion. 

Although t h i s  case i s  included i n  the  general  

( r12-l)  I = 

<rl2-? = 
I1 

-1 
< r 1 2  

( r 1 2 - l )  IV = 

1 
R 
- 

f 

b2 
- 
r 

1 

a 1  
- 
r 
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3. n = -2. 

4. n = -3. 

It i s  easy t o  see why the<r12n>fo r  even pos i t ive  integer  

values  of n a re  the same i n  a l l  four master regions.  Since 

2 
= r + r *+ R - 2 tal r b 2 p o s  ealcos eb2 + s i n  e s i n  e (0 -U j- 1 2  a 1  b2 a 1  b2 a 1  b2 J 2 

+ 2~ [rb2 cos eb2 - r a 1  =os Gal 1 J 
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2 
i t  follows t h a t  rI2 

s p h e r i c a l  karmcnics (using the  co ta t ion  of  MTGL ) : 

can be expressed i n  terms of the  normalized 

2 

By the  addi t ion  theorems of spherical  harmonics, it follows t h a t  any 

p o s i t i v e  integer  power of r122 can a l s o  be expressed i n  t e r m s  of 

s p h e r i c a l  harmonics, the same i n  a l l  master regions.  The (r12n) 
-1 

( for  even p o s i t i v e  in teger  values of n ) i s  (4p) mclt ipl ied by 

i n  the  spher ica l  Y 0 (‘a1,’al’ ‘ 0  (eb2J $2) 
0 0 

t he  c o e f f i c i e n t  of 

n 
r12  * 

harmonic expansion of 

-1 
B. Bipolar Angle Average, <r12 e x p ( - Y  r12) > 

Again using Eqs. (5) and (6j, we obta in  t h e  b l p l a r  angle 

average of the Yukawa p o t e n t i a l  i n  a simple form: 
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-r 
< L e  12>1 

12 r 

- 12 1 -r < - e  )11 
I: 12 

- .  

-r 12 > 
111 < -  ' e  

12 

- 

- v u 1  r u 2  
= (4Rralrb2)-1r-2F-'uo - e + e  

C. Bipolar Annle Average of Three-Dimensional Delta Function, <&, - r2)) 
The three  dimensional d e l t a  funct ion 6,q - r2) has the  

proper ty  t h a t  i f  v ( ~ ~ )  i s  an a r b i t r a r y  funct ion of t he  

coordinates  of p a r t i c l e  2, then 

h t t i n g  pk2) = 1 , it follows t h a t  

i s  i n f i n i t e  when r = 0 and i s  otherwise 

zero,  i t  i s  easy t o  see from Eqs. (5) and (6) t h a t  

Since #kl - i2> 1 2  
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111. Two-Center, Two-Particle I n t e m a l s  

By making use of the  funct ional  forms fo r  the  b ipolar  angle 

average, w e  ob ta in  a method for eva lua t ing  two-part ic le ,  two- 

cen te r  i n t e g r a l s  (over a l l  space) of t h e  form 

Thus, 

R 
I = 1 6 7 t 2 4  d r a l  ral 

+ IRhal drb2 rb2 2 < f > +s O‘ d r b Z  rb2< 2 f 

a 1  RS’al 
R -1: 

rpb rPr,:-R 2 
+ 16WzJI( d ra l  r:l ijo drb2 rb2 <f’III 

op 
2 

drb2 ‘b2 <f’IT 1 2 r + R  

+ R  a1 
+ J r a1 - R  drb2 ‘b2 ‘f’IV + [ 

a 1  
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. -  

v 

Some previous  procedure^^'^ fo r  t r e a t i n g  t h i s  type of i n t e g r a l  a r e  

l imited t o  integrands which factor  i n t o  products of the type 

f = q(ral)  s ( rb2)  t(r12) where q, s, and t have known Fourier 

transforms. 

general  function, a s  our der ivat ion only involves geometrical 

In  our treatment, f (ral,rb2,r12;R) may be a completely 

considerations.  

I n  the l i m i t  a s  R-0 , t h e  i n t e g r a l  I becomes a one-center, 

two-particle i n t eg ra l .  As R - 0  , the master regions I1 and I11 

cover the  r a 1  - r b2 plane. Expanding < f > II and < OII1 J 

as given i n  Eq. (5), i n  Maclaurin s e r i e s  i n  powers of R and 

taking the l i m i t  a s  R-0 , we obtain:  

'b2 ' a1 

< 7 I11 - - (2  r a l  rb2 ) - l J r a l  + rb2 r12  dr12 
r - r  a1  b2 
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I -  - 

Hence, E q .  (12) gives i n  the  l i m i t  as R-0 , s ince  r = r L  I 

rb2 = r2  , and 

a 1  

I becomes a one-center, two-part ic le  i n t e g r a l ,  

12 r f d r  I = ]lf dZld-C2 = 8 Si2 [rwdr I 1  [Jmr2d r 2  
1 2  

rl r2-r1 

5 The same r e s u l t  can e a s i l y  be found by d i r e c t  i n t eg ra t ion .  

Making use of the  bipolar  angle average of & L ~  - L ~ )  , 
Eq. (lo),  i t  is  easy t o  reduce our Eq.  (12)  t o  correspond t o  the  

i n t e g r a t i o n  of a two-center, one-particle i n t e g r a l .  F i r s t ,  l e t  

us take f = g( ra l j  rb2; R )  J(11-4). Then, from E q .  (8) it 

follows t h a t  E q .  (11) reduces t o  

Now s u b s t i t u t i n g  the  bipolar  angle average of t he  d e l t a  function, 

Eq. ( lo) ,  i n t o  E q .  ( 1 2 ) :  
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5 This same r e s u l t  may be obtained by d i r e c t  i n t e g r a t i o n ,  (Express 

the i n t e g r a l  i n  terms of e l l i p s o i d a l  coordinates.  I n t e g r a t e  over 

the  angle 8 .  Then change var iab les  from p and t o  ral and 

rb2 .) 

I V .  Evaluation of a Sample In te rna l .  

I n  order  t o  i l l u s t r a t e  the a p p l i c a b i l i t y  of using the bipolar  

angle averages i n  the evaluat ion of two-center, two-part ic le  

i n t eg ra l s ,  we  considered 

where 

a l  = 1 3  

and 

W e  r e s t r i c t  ourselves t o  integer values of n >/ -2 . For h a l f -  

in teger  values of n, the  R i n t e g r a l s  can probably be expressed 

i n  terms of t he  e r ro r  function and i t s  a u x i l i a r y  functions.  
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Except for  a few spec ia l  cases,  f r a c t i o n a l  values of n lead t o  

K i n t e g r a l s  which must be expressed i n  t e r m s  of d i f f i c u l t  types 

of t ranscendental  functions or i n f i n i t e  series. Using our 

r e l a t i o n s  for  the <r12)” 

with Eq. (12), we obtain r a the r  e a s i l y  the following r e s u l t s :  

i n  the four master regions together 

1. n = -1.1, 3, ... 
K(n;*, f ; R) 

n+4-2k-2 j 1 /2 (n+3) 1 / 2 (n+5 ) - k 
kj (n+l)! R 

k= 1 j-1 (2 ) 2k-2 (2 *) 2j-2 (n+5-2k-2 j ) ! 

2 2  
p 4  @ 4 [4pc 2 +(n+3)(- -6 >_7 1 

c y - @  2 2 2  1 + 2 ( w 2  - p 2 ) 3  -1 R 
(n+l)! e - 
(2  Oon+l 

L 
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k= 0 j = O  
(2,<)2k + 2j  -4 ( e 5  - 2k - 2j ) !  

-2.d R ? . .  -I - - -. 
- (n+l)! e 

16 (2  x )n-2 

2 .  n = 0 , 2 , 4 ,  ... 
n 3 2 2 +2-k 

n+4-2k-2 j k j  (n+l)! -B- 
K(n;  oc , p  ; R) =I 

(n+5 - 2k- 2 j ) ! k=l j=1 2j-2 

3. n = -2 

K(-2; d 13 ; R) 

(continued on next page) 
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I -  

i 
; -  

d ( 0 ( 2 - 5 / 3  2 ) 
+ exp (-2p R )  E i  (+2 

where Ei(x) = y exp( y ) dy and E i (  - X) = - Y exp( -y)dy- 
- o b  X 

For 4 = p the i n t e g r a l  s impl i f ies  considerably: 

+ exp(+2 o( R)Ei(-2 4 R )  R 2  x 3 R  2 +--q 8 5 N 2  E 2 
7 4  

12 
= -  

+ exp(-2 d R)Ei(+2o< R) + 

For n = 0 we obtain K(0; 4' ,a ; R ) = 1 ycorresponding 

t o  the  statement t h a t  the 1s ''wave functions" a and b2 a r e  

normalized. For n = -1, the  K(-1; d ,  p ; R ) i s  the Coulombic 

i n t e g r a l  which occurs i n  HeH' ( for  4# p ) and 

Our expressions for  t h i s  Coulombic i n t e g r a l  agree with r e su l t s  

given i n  quantum mechanicai tabies of integrals. 

1 

H2 ( for  OL = p ). 
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V. Discussion 

I n  a subsequent paper, we s h a l l  consider bipolar  angle 

averages of the  form (f  ? . ( a l )  Y-",(b2)) where the Y's a r e  

'a19 'a1 the normalized spher ica l  harmonics involving 

eb2, Ob* respec t ive ly  and the  f i s  a function of r 

J 
and 

a 1  ' 'b2 ' 
and R . I f  w e  know such bipolar  angle averages for  a l l  

values of j ,  k, and m, t h i s  i s  equivalent  t o  knowing the bipolar  

12.' 

expansion of f , 
0, ob +< 

f = 11 ( f  \ j ,  -m;k,m)Y-m ( a l )  p k ( b 2 )  .i 
j = O  k=O m=-< 

(17) 

Here the symbol < ind ica tes  the lesser of j and k . 
Conversely, each c o e f f i c i e n t  

angle average < f p . ( a l )  Y-mk(b2) > . 
I n  each of the four master regions, the ( f l  j,-m;k,m) may be 

(f j, -m;k,m) determines a bipolar  

Thus, (f10,0;0,0) = < f >. 
J 

d i f f e r e n t  functions of ral, rb2, and R . For the function 

f = r  

c o e f f i c i e n t s  i n  the  master regions I, 11, and 111. Then Buehler 

-1 , Carlson and Rushbrooke6 determined the  set of 1 2  

and Hirschfelder 7,8 determined tile (r12 - 'I+ ,J, -m*lcJm_) -,--- i n  the  

d i f f i c u l t  master region I V ,  as wel l  a s  the  c o e f f i c i e n t s  i n  I, 11, 

and 111. Prigogine' obtained the  expansion coe f f i c i en t s  for  

-m 
f = r12 (where m 2 1 )  i n  master region I. However, Pr igogine 's  
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c o e f f i c i e n t s  a r e  i n  the form of i n f i n i t e  s e r i e s  which a re  not  

10 convenient t o  use. Subsequently, Sack discovered a general  

r e l a t i o n  fo r  the expansion coe f f i c i en t s  of f = r i n  a l l  n 
12 

four master regions for  integer  values of n 2 -1. Sack 

fur ther  claims t h a t  h i s  r e l a t i o n  is a l s o  va l id  for  a r b i t r a r y  

values  of n i n  master regions I, X I ,  and 1x1. For n = -1, 

h i s  c o e f f i c i e n t s  agree with those obtained by Carlson and 

Rushbrooke6 and Buehler and Hirechfelder7j8. However, Sack’s 

r e s u l t s  a r e  not convenient fo r  in tegers  n < -1 where h i s  

coe f f i c i en t s ,  expressed i n  powers of 

i n f i n i t e  s e r i e s .  Our coef f ic ien ts ,  expressed i n  t e r m s  of the 

uo,u1,u2, and u 

the  expansion c o e f f i c i e n t s  of the three dimensional d e l t a  

funct ion Jk, - L2) a r e  only f i n i t e  i n  master region IV. 

(ra1’rb2’r 1 2  For a general  function 

the  expansion c o e f f i c i e n t s  which correspond t o  expanding f i n  

r al’ ‘b2 ’ and R , a r e  

are simple. I n  addi t ion,  Sack showed‘’ t h a t  3’ 

;R), Sack gives formulae for  

r 1 2  powers of 

Sack’s approach i s  qu i t e  d i f f e r e n t  from ours.  By 

considering the  nature  of the  d i f f e r e n t i a l  equations which a re  

s a t i s f i e d  ty the - he estahl ished a recurs ion  r e l a t i o n  

between the c o e f f i c i e n t s  (rlZn[ j,-m;k,m) and the c o e f f i c i e n t s  

n - 2 1  j,-m;k,m). Furthermore, the  c o e f f i c i e n t s  of r12 

n 
‘12 ’ 

n 
(r 1 2  

may be expressed a s  the sum of terms of the form 
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n-s s - t .  t 
b2 R Khere s and t a r e  in t ege r s .  r P n-s , s - t , t  a 1  

A 

The allowed value8 of s and t a r e  r e s t r i c t e d  by consider ing 

n the  required behaviorar of (r12 /jp-m;k9m) along the  boundaries 

of t he  master region m d e r  ccnsiderat ion.  From such s tudies ,  

Sack determined the  expansion c o e f f i c i e n t s  i n  terms of the  

Appell funct ions F (which a re  a genera l iza t ion  t o  two va r i ab le s  4 

of the  usual  hypergeoEetric functions),  

W 
F4(a,b;c,d;x,y) = 1 (a;v-tw) (b;vSW) xv y 

v w  (c ;v )  (d;w) v! w! 

Here the  summation i s  over a l l  non-negative in teger  values  of 

v and w. We have used the  nota t ion :  

(a ;k)  = a(a+l )  ...( a+k-1) 

(a;O) = 1 and (0;k) = Jk0 

n 
Thus, for  the  c o e f f i c i e n t  (r12 1 O,O;O,O) = <rlqn>,Sack 

obtained i n  the  four master regions12 ( indicated by the  

subsc r ip t ) :  
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n 2 2  2 2  e12 > = Rn F4(-n/2, -(n+1)/2; 3/2, 3/2; ral /R , rb2 /R ) I 

2 2  
/R 1 

n n 2 e12 > = r F (-n/2, -(n+1)/2; 3/2, 3/2; R /ra12 , rb2 I1 a 1  4 

r 2 / ~ 2 )  . b2 

It i s  c l ea r  t ha t  our r e l a t i o n s  i n  terms of the  homogeneous 

coordinates  a r e  much simpler. Thus, from Sack's r e l a t i o n s ,  

given by Eq. (20), for  the integer  values of n >) -1 : 

a )  n = -1, 1, 3, 5, ... 

l=O j i o  
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(1 /2xn+3) 

n =L‘ - 2 (n+l) ! ( r a l  rb2) 2 j  n+3-2j 

(2j)! (n+3-2j)! 
-12 >IV 

j =O 

n n 
e 12 ”> I = e12 >11 = e12YIII = e12 > IV 

-P n 
2 2  
- 

2 j  r 2’ Rn-2j-2f 
(n+l)! ‘a1 b2 

There a r e  two reasons for giving so  much aiteiitirii t= 

al’  rb2y Sack’s r e l a t i o n s .  F i r s t  of a l l ,  expansions i n  powers of r 

and 

averages. And, second, i n  our subsequent paper we w i l l  r e l y  

R may be required for some uses of t he  b ipolar  angle 
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heavi ly  on t h e  work of Sack. Indeed, we s h a l l  need t o  r e f e r  t o  

the  above equations.  

I n  our present  paper, we der ive  a set of b ipolar  angle  

average weight funct ions which lead  t o  a su rp r i s ing ly  simple and 

genera l  r e l a t i o n  for  the  b ipolar  angle  average of a funct ion 

f (ral ,rb2,r12;R).  These b ipolar  angle averages s impl i fy  the  

determinat ion of two-center, two-part ic le  i n t e g r a l s .  
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APPENDIX A 

Consider t he  two-center, two-particle b ipolar  angle aversge 

of a funct ion f ( ra l ,  rb2, r12; R ) .  It i s  

where & al and a r e  so l id  angles based on cen te r s  a and b , 
and the  in t eg ra t ion  i s  ca r r i ed  out  holding r a l '  rb2' and R f ixed.  

We can express 

pointed from a t o  b . For d U b 2  i t  i s  convenient t o  take the  

polar  a x i s  from b t o  a along t h e  l i n e  b l .  Thus, d a = s i n  

where the  angles  3( and 

b2 

wi th  the  polar  a x i s  d u a l  = s i n 8  a 1  d'al 

x6)c4* ' b2 
I 

Qb2 a r e  shown i n  Fig.  1. Eq. ( A . l )  then 

becomes 

t 
1 

and Ob2 and therefore  la 1 But r i s  independent of 12 

* 

Now l e t  us def ine  a b ipolar  angle average weight funct ion 

t h a t  

Lo such 



30 

A t  t h i s  po in t  we pause t o  introduce use fu l  no ta t ion .  Two- 

dimensional represenzht ions of the two-Far t i c l e ,  two-center system 

a 1  a r e  drawn i n  Fig.  3. These cons is t  of a circle "a" of r ad ius  r 

about center  a and it c i r c l e  "b" of r ad ius  r 

The ral, r 

c i r c l e s  i n t e r s e c t ,  the  angle 6al measured t o  the  point  of 

i n t e r s e c t i o n  i s  denoted by Bint. 

about center  b. b2 

r12, R, and 6al a re  defined a s  before.  I f  the  b2' 

F i r s t  l e t  us  consider the  regions I V a ,  I V b  and I V c  where 

Lo ' the  spheres "arc and "' D i n t e r s e c t .  I n  order t o  determine 

we f i r s t  hold 

c i r c l e  "b" which i s  character ized by the  range r 

Bal constant  and determine the  a rea  swept out on 

t o  1 2  

r12 +&r,, . This a rea  i s  shown i n  Fig.  5 ( f o r  a non-overlapping 

reg ion) .  

T 

L =  
0 

I L  

. Thus 'a 1 Then w e  i n t eg ra t e  over 



3: 

I -  
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- .  

- -  

because a p a r t i c u l a r  'int 
It i s  necessary t o  s p l i t  the  i n t e g r a l  a t  

value of r 1 2  and x may c o r r e s p n d  t o  two angles eal ; t he  

one l e s s  than 0 i s  ca l led  an i n t e r i o r  angle and i s  denoted by i n t  

i s  ca l led  an 'in t' 
the  subsc r ip t  Y"; the  other ,  g rea te r  than 

e x t e r i o r  angle  and i s  denoted by the subsc r ip t  "e". I n  car ry ing  

out the  in t eg ra t ion  of Eq. ( A . 5 ) ,  w e  f ind t h a t  

func t iona l  form i n  each of a number of ranges of r 

these  ranges i s  ca l led  a secondary region.  Within a p a r t i c u l a r  

Lo has a simple 

Each of 
12 '  

secondary region, Bal i s  required t o  l i e  e i t h e r  wi th in  the  i n t e r v a l  

or  w i th in  the  i n t e r v a l  

i n t  0 l e  < 
\ 

< 
\ '2e 

a r e  determined '2e H e r e  the  l imi t ing  angles eIi , , ele and 

by geometrical  considerat ions as shown i n  Figs .  6 through 11. From 

Fig .  1. we  have 

- 2Rr  cos0 1 2  a1 a 1  'a1 2 + 'b2 2 + R 2 - r  
-6 

C O S X  = 2rb2(R 2 + ra12 - 2Rralcoseal) 112 
( A . 6 )  

from which 
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r d r  1 2  12 
* ( A . 7 )  

s i n x  d X  = 2 - 2Rr  coseal) 112 
rb2(R + 'a1 a 1  

Hence 

s i n e  d e  
a 1  a1 r 

+ [ '2e s in@, ea 

- 2Rr coseal) 2 2 
a 1  (R + ral le 

Now we  immediately obtain,  

L J 

where 

2 - 2 R r  coseli) 112 
a 1  t = (R + ral li 

= (R 2 + ra12 - 2 ~ r ~ ~ c o s e ~ ~ )  112 t 2 i  

- 2 R r  cosele) 1 / 2  
a1 a 1  = ( R ~  + r 

(A. 10) 

(continued on next  page) 
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2 2 - 2Rr cosQ2,) 112 t = (R + ral 2e a l  

These t ' s  a re  l i s t e d  i n  Table 3. The r e s u l t i n g  v a l t e s  of L 

a r e  then given i n  Table 1. I f  the angle ea2 corresp..,.iding t o  a 

value of t i s  desired,  it may be obtained from 

0 

2 2  
- t  

2 
+ r a l  

case = (A .  11) 
a 1  2Rral 

I n  region I I1 and IIb where the spheres "a" and "b" 

do  not i n t e r sec t ,  the ana lys i s  i s  the same with the exception t h a t  

i s  equal to 0 or t o  fi ,so t h a t  i n  Eq.  ( A . 8 )  there  i s  only 

a' a 

i n t  e 
t o  €32e ( i n  region I 

%e a 

( i n  regions I1 and IIb 

one range of in tegra t ion :  e i t h e r  from 

where €3 = 0);  or from 

where 

the  tli = t2i = 0 whereas i n  region IIa and IIb , the  

t -  = 0 . The values of the t ' s  a r e  given i n  Table 3 

and the corresponding L ' s  are l i s t e d  i n  Table 1. 

eli t o  '2i a i n t  

'int a' = K ) .  Correspondingly, i n  Eq.  ( A . 9 ) ,  i n  region I 

le - t2e 

0 
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.~ig. 6. Ttae Limiting Angler elm and for Region f. 
Subfigurer (1) 8nd (2J'refer €6 Secandary 
Region I (1); (3) and (4) refer to f , (Z) ;  
8ad (5) d d  (6) to Ia(3). 
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I 

. . . __ - - .- . . . . I---  - .  ... 

,Fig. 7. The Limiting Angles e * and f o r  Region IS 
a a ,  S g h f i p r e s  (1) and (2)' refer t o  the Secondary 

Region IIa (1); (3) and (4) refer co 
(5) and (6) refer to IIa(3). 

IIa(2>; an,? 
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pig .  A,  The Limiting Angles e,, and for Region 1%. 
Subfigures (1) and (21’ refer to che S e e ~ i i d ~ r y  
Region IIb(l): (3) and (4) refer to I$,(2); 
and (5) and (6)  refer to  IIb(3). 



c c  

I 

I 

0 (It) 

. ~. . ~. - . 

Fig .  9. The Limiting Angles QIi, 8 for 
Bcgiaz fV - . a -  Subfigures ( 13i:n:1e (gdr:%r to  the 
Secondary Region IVa(l) (interior) ; (3)  and (4) 
refer to IVa(2)(interior); (5)  and (6) refer to 
IV,(3) (interior): ( 7 )  and (8) refer to IVa(l) 
(exterior); (9) and (10) refer to IVa(2) (exterior); 
and (11) and (12) refer to IVa(3)(exterior). 
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.@ 
. 

. 
---I- 

and %- for - <  F i g .  10 The Limiting Angles QIi, 8 'le Region i V b .  n--L*G-rroe D ~ ~ ~ ~ ~ ~ ~ - -  (l?iind (2) re er to the 
Secondary Region IV,, (1) (interior ) ; (3)  and (4) 
refer to IVb(2) (interior); (5)  and (6)  refer 
to 1Vb(3) (interior); ( 7 )  and (8) refer to IVb(1) 
(exterior); (9) and (10) refer to IVb(2)(exterior); 
and (11) and (12) refer t o  IVb(3)(exterior). 
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w- a oo) %I.- @ 
Fig. 11. The Limiting Angles Gli, 8 for 

the Secondary Region IVc(i)(interiix>; (3)  ar?4 
(4) refer t o  IVc(2)(interior); (5)  and (6)  refer 
to  IV, (3) (interior); ( 7 )  and (8) refer to IV, 
( l)(exterior); (9)  and (10) refer to  IV,(2) 
(exterior); and (11) and (12) refer to 
(exterior). 

. R-egion IV,. Subf igures ( lfiaLdeIe (iTdr:%r to,  

IVc(3) 
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F i w r e  Captions 

f 

w 

Fig. 1. Two-particle, Two-Center Coordinates 

Plane i n t o  Twelve Primary Regions a l-rb 2 
Fig. 2. Division of r 

Fig. 3. Cr i t i ca l  d i s t ances  and configurat ions wi th in  primary 
regions which determine the  Secondary Regions. The c i rc les  
show why w e  c a l l  region I non-overlapping, I V a  s l i g h t l y  
overlapping, I V  and I V  g r e a t l y  overlapping, and I1 enclosing. 

b C 

Fig. 4 .  Division of r - rb2 Plane i n t o  Four Master Regions. 

Fig.  5 .  Area swept out on c i r c l e  "b" from a point  on c i r c l e  "arc 

a 1  

12 
with Gal, ral, rb2, and R held constant  and r 
ly ing  i n  t h e  range r 

(1) and (2) r e f e r  t o  Secondary &gion 
r e f e r  t o  I a (2 ) ;  and (5) and ( 6 )  t o  I (3)? 

a 
Fig. 7. The Limiting Angles eli and 8 . f o r  Region I1 . 

Subfigures (1) and (2 )  r e f e r  to2khe Secondary Re3ion 
I1 (1); (3) and ( 4 )  refer t o  
refer t o  I I a (3 ) .  

Subfigures (1) and (2) r e f e r  to2Phe Secondary Region 
I1 (1): (3) and ( 4 )  r e f e r  
reter t o  IIb (3). 

Szhfigures  (1) and (2) r e f e r  t o  tKe Secoi%ary Region I V  a 
( l ) ( i n t e r i o r ) ;  (3)  and ( 4 ;  r e f e r  t o  I V  ( 2 ) ( i n t e r i o r ) ;  
(5) and ( 6 )  r e f e r  t o  I V  (3)  ( i n t e r i o r ) ?  (7)  and (8) reiei- 
t o  I V  (1) ( ex te r io r ) ;  
( e x t e r i o r ) ;  and (11) and (12) r e f e r  t o  IVa(3) ( eg te r io r ) .  

and 82e for  Region I V b .  
Subfigures (1) and (2ji:efer to%he Secondary Region 
I V  (1) ( i n t e r i o r ) ;  (3)  and ( 4 )  r e f e r  t o  I V  (2)  ( i n t e r i o r ) ;  
(59 and ( 6 )  r e f e r  t o  I V b ( 3 )  ( i n t e r i o r ) ;  (7v and (8) refer 
t o  I V , ( l )  ( ex t e r io r ) ;  

( ex te r io r ) ;  and (11) and (12) r e f e r  t o  IVb(3) (exkerior).  

12 to '12+5'12' 

Fig.  6 .  The Limiting Angles Qle and 0 f o r  Region I . Subfigures 
I (1); a (3 )  and ( 4 )  

I I a ( 2 ) ;  and (5) and ( 6 )  

b '  and 8 . fo r  Region I1 '1i Fig. 8. The Limiting Angles 

t o  I I b ( 2 ) ;  and (5) and ( 6 )  

Fig. 9. The Limiting Angles eli, 82i, 8 and 8 for  Region I V  a . 

a(9) and (10) r e f e r  t o  I V  (2) a 

0 '2i' Fig.10. The Limiting Angles 8 

(9) and (10) r e f e r  t o  I V  (2)  
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Figure Captions (continued) 

Fig.11. The Limiting Angles 8 82i , 8 and for Region IVc. 
Subfigures (1) and (2ji:efer to &e Secon ary Region 
I V  (1) (interior): (3)  and (4) refer to I V  (2)  (interior); 
(53 and (6) refer to I V  (3) (interior); (75 and (8) refer 
to I V  (1) (exterior); (5) and (10) refer to IVc(2) 
(extehor);  and (11) and (12) refer to  I V c ( 3 )  (exterior). 


